In this paper we consider the flip operation for combinatorial pointed pseudo-triangulations where faces have size 3 or 4, so-called combinatorial 4-PPTs. We show that every combinatorial 4-PPT is stretchable to a geometric pseudo-triangulation, which in general is not the case if faces may have size larger than 4. Moreover, we prove that the flip graph of combinatorial 4-PPTs is connected and has diameter O(n 2 ), even in the case of labeled vertices.
Introduction
Given a graph of a certain class, a flip is the operation of removing one edge and inserting a different one such that the resulting graph is again of the same class. An example of such a class is the class of maximal planar (simple) graphs, also called combinatorial triangulations, where any combinatorial embedding (clockwise order of edges around each vertex) has only faces of size 3. Flips in combinatorial triangulations remove the common edge of two triangular faces and replace it by the edge between the two vertices not shared by the faces, provided that these two vertices were not already joined by an edge. Combinatorial triangulations have a geometric counterpart in triangulations of point sets in the plane, which are maximal plane geometric (straight-line) graphs with predefined vertex positions. In this geometric setting there is also a flip operation, for which a different restriction applies: An edge can be flipped if and only if the two adjacent triangles form a convex quadrilateral (otherwise the new edge would create a crossing).
Flips in (combinatorial) triangulations have been thoroughly studied. See the survey by Bose and Hurtado [4] . A prominent question about flips is to study the flip graph. This is an abstract graph whose vertices are the members of a given graph class having the same number of vertices, and in which two graphs are neighbors if and only if one can be transformed into the other by a single flip. For both triangulations and combinatorial triangulations the flip graph is connected. Lawson [9] showed that the flip graph of triangulations of a point set is connected with quadratic diameter, which was later shown to be tight [6] . For combinatorial triangulations there are actually two classes to consider: those of labeled and unlabeled graphs, where in the latter class no two distinct elements are isomorphic. For unlabeled combinatorial triangulations on n vertices Wagner [14] proved connectedness of the flip graph, and Komuro [8] showed its diameter to be Θ(n). For the labeled setting Sleator, Tarjan, and Thurston [12] showed the diameter to be Θ(n log n).
for H it also holds for H, and we only need to consider inner faces of size 3 or 4. For the subgraph H , let us denote with n the number of vertices, e the number of edges, t the number of inner faces of size 3, q the number of inner faces of size 4, b the number of boundary angles and c the number of convex boundary angles in the outer face of H . Note that b ≥ 3 and that b > n is possible.
Let us double-count the edges. On the one hand, the number of angles equals twice the number of edges; since there are n reflex angles and 3t + 3q + c convex angles, we get that 2e = 3t + 3q + c + n. On the other hand, from Euler's formula we have e = n + t + q − 1. Eliminating e from these two equations, we get that the number of reflex angles is n = t + q + 2 + c. Now we can express the number n of reflex angles as b − c + q, to get that b − c = t + 2 + c, which is at least 3 if c > 0. Either in this case or if c = 0, we get that b − c ≥ 3, as desired.
Corollary 2.2
In any combinatorial 4-PPT of the interior of a simple cycle with b vertices, of which c have the reflex angle inside the cycle, the number t of triangular faces is given by t = b − 2c − 2.
A combinatorial pseudo-triangulation has the generalized Laman property if every subset of x non-pointed vertices and y pointed vertices, where x + y ≥ 2, induces a subgraph with at most 3x + 2y − 3 edges. Both this property and the number of reflex angles from Lemma 2.1 are related to the stretchability of a combinatorial pseudo-triangulation into a geometric one. A face of a combinatorial pseudo-triangulation is called degenerate if it contains edges which appear twice on the boundary of this face. See Figure 1 (left). Note that in our setting this is equivalent to the definition by Orden et al. [10] where a face is non-degenerate if the edges incident to it form a simple closed cycle. Proposition 2.3 (Orden et al. [10] , Corollary 2) The following properties are equivalent for a combinatorial pseudo-triangulation G:
1. G can be stretched to become a pseudo-triangulation.
2. G has the generalized Laman property.
3. G has no degenerate faces and every subgraph of G with at least three vertices has at least three corners of first type.
Since, by definition, combinatorial 4-PPTs have no degenerate faces, we can use Proposition 2.3 to conclude the following. 
Flips
Before defining flips between combinatorial 4-PPTs, we make some observations about their geometric counterpart. For good visual distinction, we draw the edges of non-geometric graphs as non-straight Jordan arcs throughout this section.
In geometric 4-PPTs every edge of a triangle (except for those being part of the convex hull) is flippable [11] . Consider flipping an edge e which separates a triangle from another face F in a geometric 4-PPT. If F is also a triangle, then removing e and inserting the other diagonal e of the convex 4-face ∪ F is the well known "Lawson flip". (Note that ∪ F has to be convex because of the pointedness of the 4-PPT.) If F is a 4-face, then the removal of e merges and F into a 5-face, which might be degenerate if and F share two edges. Note that this degenerate case is the only one in which and F can share three vertices, as there are no multiple edges in geometric graphs. See Figure 2 .
Similar to the geometric case, we consider flips of an interior edge e of an interior triangular face in a combinatorial 4-PPT: Consider the face F , triangular or quadrangular, sharing e with . A flip of e consists in replacing e by another edge e such that (1) e splits ( ∪F ) \ e into a triangular face and a face F , triangular or quadrangular, respectively, and (2) the result is a combinatorial 4-PPT. In particular, and in contrast to the geometric case, we have to explicitly avoid multiple edges in the combinatorial setting. Hence, we have to ensure that the edge e that is inserted by the flip is not already contained in the combinatorial 4-PPT (as an edge outside ∪F ). To emphasize that an exchange of two edges is a flip avoiding multiple edges, we sometimes call a flip valid. Further, to highlight that an exchange of two edges which would locally (inside ∪F ) be a flip would introduce multiple edges, we call this an invalid flip. Recall though, that a flip is defined to be valid and we use this distinction only for emphasis in situations where we prove the existence of certain flips.
Observe that, in a (combinatorial) 4-PPT, if one face involved in a flip is triangular, then after the flip no face can have more than four vertices. Thus, we restrict ourselves to flips where at least one involved face is triangular. The following lemma shows that every interior edge of an interior triangular face can be flipped. Proof. Let be a triangular face and let F be the face that is separated from by e. If F is also a triangular face, then ∪ F is a 4-face. In this case exchanging e by the unique other diagonal of ∪ F is a valid flip. See Figure 3 (left). If F is a face of size 4 we have to distinguish two cases. The first case is when ∪ F is degenerate. Then, there is only one choice of e in order to split ∪ F \ e as required. Furthermore, the corresponding edge e could not be already an edge, since it was not in the interior of ∪ F and it cannot go through the exterior of ∪ F because of planarity. See Figure 3 (right). Hence, this choice is always valid. The second case is when ∪ F is non-degenerate. We show that flipping towards an edge using the reflex vertex is always valid. See It remains to prove that in the non-degenerate case there are at least two valid flips for e. Figure 5 shows the possible flips when ∪ F is non-degenerate, with solid arrows indicating always valid flips and dotted arrows indicating flips which might be valid or not.
If e is not incident to the reflex vertex, then there are two valid flips towards edges incident to that vertex. If e is incident to the reflex vertex, there is always a valid flip towards the other diagonal e incident to that vertex. For a second valid flip, we show that the two remaining diagonals cannot simultaneously give invalid flips. Let the edge to flip be e = v 1 v 3 (the other case is analogous).
In order for both v 2 v 4 and v 3 v 5 to give invalid flips, the combinatorial 4-PPT must have both edges v 2 v 4 and v 3 v 5 in the exterior of the 5-face v 1 , . . . , v 5 . This is impossible since it would imply a crossing. See Figure 6 .
Observe that, by Theorem 2.4, every combinatorial 4-PPT can be stretched into a geometric 4-PPT. Thus, the statement in Lemma 3.1 that every interior edge of a triangular face is flippable can also be seen from the geometric case. In contrast to the geometric case, where all valid flips are unique, the combinatorial case described in part (2) of the lemma has up to three possible flips, of which there are always at least two valid ones. This hints at another interesting observation. Given a combinatorial flip between two combinatorial 4-PPTs, by Theorem 2.4 we know that both of them can be stretched into geometric 4-PPTs with straight edges. However, it might not be possible to use the same geometric embedding for the vertices in both of them. See Figure 7 for an example where two different geometric embeddings are required.
Connectivity of the Flip Graph
A usual approach for proving connectivity of the flip graph and bounding its diameter is to define a special canonical graph and to show that there exists a sequence of a certain (bounded) number of flips from any graph to the canonical one. By the reversibility of the used flips, this proves connectivity of the flip graph and gives a bound on its diameter. In this section we deal with combinatorial 4-PPTs on unlabeled vertices with a fixed triangular outer face. In later sections we will extend this base case to labeled vertices (Section 5) and to the general case of combinatorial 4-PPTs with an arbitrarily sized outer face on unlabeled and labeled vertices (Section 6). We define the unique canonical combinatorial 4-PPT with triangular outer face to be the combinatorial 4-PPT where two of the vertices in the outer face are adjacent to all other vertices, while the third one has degree 2. An example can be found in Figure 12 (left).
Observe that this canonical combinatorial 4-PPT is indeed unique as we consider unlabeled vertices for now. In the following we will show step by step how to build the flip sequence from any combinatorial 4-PPT to the canonical one. We only allow flips of interior edges of interior triangular faces, as by Lemma 3.1 these are always flippable. For a combinatorial 4-PPT with triangular outer face, Corollary 2.2 implies that there is only one interior triangular face. Hence, with the presented flip sequences we will "move" the single triangular face through the combinatorial 4-PPT.
Note that the following lemma is not restricted to a triangular outer face as the proof is (almost) the same for arbitrary sized outer faces, which will be needed also in Section 6. Proof. Consider the dual of T and choose a path
to the outer face F outer , such that F k−1 and F k share the edge b. Let e j , 1 ≤ j ≤ k, be an edge separating the faces F j−1 and F j in the path (note that there might be two edges shared by two faces). If there is a triangular face F j (1 ≤ j ≤ k − 1) in the path, then choose the triangular face F j with highest index j among all triangular faces F j , and replace and the path in the dual of T by F j and the shortest (sub)path starting from this new . Note that this can only happen if h > 3, as with a triangular outer face there exists only one triangle. ∪ F j is degenerate. All but leftmost: The four different cases (depending on the relative position of e j+1 and the reflex interior angle) for non-degenerate ∪ F j . The two rightmost 4-PPTs show cases with two possible flips, of which at most one can lead to a double edge.
We define the sequence of flips in such a way that, after the j-th flip, is incident to e j+1 , which then separates from F j+1 . Thus, after k − 1 = O(n) flips will be incident to
At the j-th flip we consider the region ∪ F j and we have to replace an edge e shared by and F j with a valid edge e , such that the new triangular face is incident to e j+1 . If ∪ F j is degenerate, then there are two edges shared by and F j . For each of these edges there exists a unique valid flip, by Lemma 3.1. Flipping the edge which does not share a vertex with e j+1 yields the desired result. See Figure 8 (left). If ∪ F j is non-degenerate, then the single edge shared by and F j is e j . By Lemma 3.1 there exist two valid flips for e j . At least one of these flips introduces an edge e , such that the new triangular face is incident to e j+1 . See Figure 8 (all but leftmost).
Once the interior triangular face is incident to an edge b of the outer face, the next step will be flipping away interior edges incident to one endpoint of b.
Lemma 4.2 Given a combinatorial 4-PPT with triangular outer face in which the interior triangular face is incident to the edge b of the outer face, there is a sequence of flips resulting in a combinatorial 4-PPT in which the endpoint t of b = rt has no interior incident edges.
Proof. We describe a flip sequence that removes all inner edges incident to t. This flip sequence can be partitioned into two phases and some cases. Let the vertices neighbored to the vertex t be ordered radially around t, starting with r. In each case, let the vertices in that order be r = w 0 , . . . , w k . Phase 1: During this phase, the inner triangular face has rt as a side, i.e., = trw 1 . We distinguish three different cases: Case 1: tw 1 is the only inner edge incident to t, i.e., k = 2. If is incident to only one 4-face F (i.e., ∪F is degenerate), we can flip the edge tw 1 and we are done. Otherwise, let the 4-face F incident to tw 1 be tw 1 uw 2 . See Figure 9 . The reflex angle inside F is either at u or w 1 . If it is at u, we flip tw 1 to w 0 u, obtaining the 4-face tw 0 uw 2 . Otherwise, the reflex angle is at w 1 and we flip tw 1 to w 1 w 2 , obtaining the 4-face tw 0 w 1 w 2 . Either way, the degree of t is 2 and we are done. Case 2: at least two inner edges are incident to t and there does not exist an edge w 0 w 2 . See Figure 10 . Since the reflex angle of t is at the outer face we can replace the edge tw 1 by w 0 w 2 . This reduces the degree of t by one. The inner triangular face is again adjacent to w 0 t, and we remain in Phase 1. Case 3: at least two inner edges are incident to t and there exists an edge w 0 w 2 . See Figure 11 . If the two inner edges of are incident to a single 4-face, we have a degenerate case; we flip the edge w 0 w 1 to w 1 w 2 , making tw 1 w 2 the inner triangular face. Otherwise, let the 4-face F incident to tw 1 be tw 1 uw 2 ; we flip tw 1 to tu (this is possible since if tu already existed, it would have to cross the cycle rw 2 uw 1 ). Either way, the flip does not reduce the degree of t, but the inner triangular face is now inside the 3-cycle tw 0 w 2 . We switch to Phase 2. Phase 2: During this phase, the inner triangular face is tw 1 w 2 , and w 1 stays fixed for the whole phase. Further, we know that w 1 was enclosed by a 3-cycle (at the transition to this phase), which implies that there are no edges from w 1 to w j for any j ≥ 2. We decrease the degree of t in the following manner. Case 1: there is a 4-face F incident to tw 2 . There cannot be an edge w 1 w 3 since w 1 was enclosed by a 3-cycle. Further, the reflex angle of F is not at t. Hence, we can flip tw 2 to w 1 w 3 , which reduces the degree of t and we remain in Phase 2, with tw 1 w 3 being the new inner triangular face. Case 2: there is no 4-face incident to tw 2 , i.e., k = 2. This case is symmetric to Case 1 of Phase 1. The edge tw 1 is flipped in one of the two described ways, reducing the degree of t to 2 and thus ending the process. 
Connectivity for Labeled Combinatorial 4-PPTs
The canonical graph produced in the proof of Theorem 4.3 does not care about the order of the interior vertices with respect to the extremal vertices. When labeling the vertices of both the source and target graph accordingly, the two graphs produced are isomorphic and have the same combinatorial embedding, but might not be equivalent when arbitrary predefined labels are considered. In this section we describe how to flip between canonical combinatorial 4-PPTs with triangular outer face under consideration of the labels.
The canonical combinatorial 4-PPT, as exemplified in Figure 12 (left), induces a total order on the interior vertices (i.
Besides the canonical form, a second special class of combinatorial 4-PPTs that we will use is the one of spinal combinatorial 4-PPTs, see Figure 12 (middle and right). In a spinal combinatorial 4-PPT the subgraph on {v 1 , . . Observe that there exists a simple sequence of i flips to transform a canonical combinatorial 4-PPT to the r-or s-spinal combinatorial 4-PPT. See Figure 13 for an example of flipping to the s-spinal combinatorial 4-PPT. Flipping to the r-spinal combinatorial 4-PPT is analogous, but flipping the edge sv 1 in the first step. It is easy to see that the total order in the canonical combinatorial 4-PPT is the same as the one on the spine, for the two spinal combinatorial 4-PPTs: Two vertices are neighbored on the spine if and only if they are neighbored in the total order of the canonical combinatorial 4-PPT.
Observation 1 For a triangular outer face rst and i interior vertices, flipping from a canonical combinatorial 4-PPT with base edge rs to an r-or s-spinal combinatorial 4-PPT can be done in i flips. The order in the canonical combinatorial 4-PPT equals the order on the spine.
Let T be some canonical combinatorial 4-PPT with triangular outer face rst, base edge rs, and let the i interior vertices {v 1 , . . . , v i } be labeled. If i < 2 then reordering of the interior vertices is not necessary. For reordering the i ≥ 2 labeled interior vertices we need to be able to exchange two neighbored labeled vertices (for which we will use the spine). We call the required sequence of flips a swap. For swapping two labeled vertices v k and v k+1 in a spinal combinatorial 4-PPT (and thus also in a canonical combinatorial 4-PPT) we need to distinguish the three cases k = 1, k = 2, and 3 ≤ k < i. If k ≤ i − 2, let t = v k+2 ; otherwise, let t = t. For all cases we consider the subset {v 1 , . . . , v k+1 } ∪ {r} ∪ {s} ∪ {t }. Further, we assume that we have already flipped to the spinal combinatorial 4-PPT with outer face rst . The flip sequence for the case k = 1 is depicted in Figure 14 . The two vertices v 1 and v 2 are shown as a white square and a white dot, respectively, which depict the different labels of the vertices. After three flips we can reach a combinatorial 4-PPT that is spinal in rsv 2 , where the labeled vertices v 1 and v 2 have been swapped (Figure 14, second row, left) . Recall that the numbering of the vertices v k , 1 ≤ k ≤ i, is defined by their position along the spine; e.g., v 1 is always the first vertex on the spine. Observe that this combinatorial 4-PPT is only one additional flip away from the canonical combinatorial 4-PPT (with swapped labels). Applying an additional flip, we can reach a combinatorial 4-PPT that is spinal in rst , where the labeled vertices v 1 and v 2 have been swapped (Figure 14 , second row, middle and right).
The flip sequences for the cases k = 2 and 3 ≤ k < i are very similar. In fact, the case k = 2 is just a special case of the case 3 ≤ k < i. For completeness, the flip sequence for the case k = 2 is given in Figure 15 . Figure 16 exemplifies the flip sequence for swapping the neighbored vertices v k and v k+1 for 3 ≤ k ≤ i − 1. In the example i = 5 and the labeled vertices v 3 and v 4 should be swapped, i.e., k = 3. For larger values of i and k the remaining interior vertices will be placed in the interior of rt st (and rsv 1 v k−1 ). These areas (shown gray in Figure 14 , 15, and 16) remain untouched throughout the whole swap operation. In this sense, all described swap operations (sequences of flips) are local.
Altogether, the presented flip sequences allow to reorder the labeled interior vertices in a canonical combinatorial 4-PPT with O(n 2 ) flips. Proof. Let T 1 and T 2 be any two combinatorial 4-PPTs with n vertices and triangular outer face. By Theorem 4.3, flipping both T 1 and T 2 to a canonical combinatorial 4-PPT T 1 and T 2 , respectively, takes O(n 2 ) flips. Except for the order of the labeled interior vertices, T 1 and T 2 are identical. Thus, to flip from T 1 to T 2 we need to reorder the labeled interior vertices of T 1 to match their order in T 2 and then reverse the flip sequence from T 2 to T 2 . This reordering After one such pass (from k = i − 1 to k = 1) the vertex v 1 is at its final position (according to its label). Moreover, the combinatorial 4-PPT is just one flip away from the canonical one. Further, as in one pass we move from top to bottom on the spine, each swap operation needs only O(1) flips (cf. Figure 14 , 15, and 16). Hence, one pass needs O(n) flips. It is easy to see that after i − 1 = O(n) such passes every labeled vertex has been moved to its required position. Therefore, with O(n 2 ) flips we can reorder the labeled vertices in T 1 to match their order in T 2 .
Connectivity for Combinatorial 4-PPTs with Outer Face of Arbitrary Size and Labeled Vertices
So far we have proved connectivity of combinatorial 4-PPTs with the outer face restricted to be of size three. In this section we drop this restriction and allow outer faces of arbitrary size. We prove that for this general case the graph of combinatorial 4-PPTs stays connected, even for labeled interior vertices. The case with a triangular outer face will be a key ingredient for this proof. To this end we define a general canonical combinatorial 4-PPT and show how to reach it with O(n 2 ) flips. Let T be a combinatorial 4-PPT with h vertices on the outer face and i interior vertices (n = h + i). Let the h vertices on the outer face be o 1 , . . . , o h in counter-clockwise order. Then In the following we will present each step in detail and we will show that overall O(n 2 ) flips are sufficient.
Step 1)
In a nutshell, we want to introduce one diagonal of the outer face after another, each time "cutting an ear". In more detail, we first introduce the diagonal o Proof. Let e 0 , . . . , e k+1 be the k + 2 edges of T incident to o h in the order of incidence, such
be the path of faces (incident to o h ) such that e j , 1 ≤ j ≤ k, is an edge shared by the faces F j−1 and F j . Note that F k is incident to o h o h−1 . With w j we denote the end vertex of e j that is not o h .
We define a sequence of k flips. With the j-th flip we want to introduce a valid edge e , such that a triangular face is incident to both e j+1 and o 1 . However, this is not always possible as the insertion of the edge e might create a double edge. In this case, the triangular face is incident to e j+1 and a vertex named o 1 , which will be used instead of o 1 for the remainder of the sequence of k flips. (See Cases 1 and 2 below.) Fortunately, this can happen only once and we will carefully distinguish the different cases. At the j-th flip, let j be the interior triangular face incident to o h and o 1 (or o 1 ). Consider the region j ∪ F j . 
Step 2)
Let j be the 3-cycle o 1 o j o j+1 , 2 ≤ j ≤ h − 1. After Step 1) the edges of these 3-cycles are edges of the combinatorial 4-PPT. Let i j be the number of interior vertices inside j . By First consider two induced neighbored three-cycles
Let e = o 1 o j+1 be the diagonal that separates C j and C j+1 . Assume that the canonical combinatorial 4-PPTs in C j and C j+1 have both e as the base edge.
We want to move all interior vertices of C j+1 into C j . It is easy to see that we can flip e (as e separates two triangular faces). This results in a combinatorial 4-PPT in C j ∪ C j+1 , exemplified in Figure 20 (a). To move one vertex from C j+1 to C j there exists a very simple sequence of two flips, see Figure 20 (b) and (c). Repeatedly applying this sequence, until all vertices from C j+1 are moved, results in a combinatorial 4-PPT as the one exemplified in Figure 20 (e). We apply one more flip to reintroduce the diagonal e, and all vertices interior to C j+1 have been moved to C j . Moving all interior vertices from C j+1 to C j takes O(i j+1 ) flips, with i j+1 being the number of vertices interior to C j+1 . For moving interior vertices between neighbored three-cycles we assumed that the canonical combinatorial 4-PPTs in C j and C j+1 have both the same base edge. To fulfill this precondition we need a sequence of flips to rotate a canonical combinatorial 4-PPT, with triangular outer face and i interior vertices, in a linear number of flips. For i being even, the flip sequence for "rotating the spine" is exemplified in Figure 22 . The first part of the sequence equals that for i being odd. Note that we can eliminate the last flip to the rotated spinal combinatorial 4-PPT. The edge introduced by this last flip is the first edge that is removed in the flip sequence to the rotated canonical combinatorial 4-PPT.
Observe that we need to start with different spinal combinatorial 4-PPTs, depending on the new base edge and the parity of i. If we want to rotate the canonical combinatorial 4-PPT with outer face rst and base edge rs to the one with base edge st, then for i being odd the sequence starts with flipping to the r-spinal combinatorial 4-PPT, and for i being even the sequence starts with flipping to the s-spinal 
General Connectivity
Summarizing over the presented three steps and Section 5 about labeled vertices, we can prove the following theorem.
Theorem 6.5 The graph of flips in combinatorial 4-PPTs with n vertices, h ≥ 3 of them on the outer face, is connected with diameter O(n 2 ). This is still true for labeled vertices.
Proof. Let T 1 and T 2 be two combinatorial 4-PPTs with n vertices, h ≥ 3 of them on the outer face. Following the three steps summarized in Lemmas 6.2, 6.3, and 6.4 results in a sequence of O(n 2 ) flips leading to the canonical combinatorial 4-PPTs T 1 and T 2 , respectively, with outer face o 1 , . . . , o h (see Figure 17) .
In the unlabeled case T 1 = T 2 . As all used flips are invertible this proves that the flip graph is connected with diameter O(n 2 ). In the case of labeled interior vertices, we can flip from T 1 to T 2 with O(n 2 ) flips, by Theorem 5.1. Hence, the flip graph is connected with diameter O(n 2 ) in the labeled case, too.
